S pectra of one-particle and collective excitations in narrow -band ferrom agnets w ith unquenched orbital m om ents are calculated in various theoretical models. T he interaction of spin and orbital excitations w ith conduction electrons results in th e dam ping of th e former which, however, tu rn s out to be ra th e r small; therefore, ap a rt from usual spin waves, well-defined orbitons can exist. N on-quasiparticle states occur in th e electron energy spectru m near th e Ferm i energy due to this interaction. T he criteria of stability of th e sa tu ra te d spin and orbital ferrom agnetic ordering are considered. Possible effects of orbital ordering in m agnetite and in colossal m agnetoresistance m anganites are discussed. PA CS num bers: 75.30.Ds, 75.30.E t, 71.28.+ d 
I. IN T R O D U C T IO N
O rbital ordering in strongly correlated systems is a subject of interest for a rather long period [1] , this interest grow ing considerably last time (see, e.g., recent papers [2, 3, 4, 5, 6] ). For orbitally ordered m agnets the energy spectrum is more rich th an for purely spin-moment magnetic m aterials since it contains additional excitation branches ( "or bitons" ). Relevance of the orbital degrees of freedom for physics of the colossal magnetoresistance (CMR) m anganites [3, 4, 7, 8, 9 ] is one of the reasons for the revival of this field. A large orbital contribution to the total magnetic moment has been observed recently by the X-ray magnetic circular dichroism (XMCD) m ethod for m agnetite Fe3O4 [10] . The latter substance (the most widespread natural iron compound) is probably one of the most intriguing magnetic ox ides because of controversial experim ental inform ation concerning its ground state and so called "Verwey transition" [12, 13] (see also a discussion in Ref. 14) . The m agnetite is also a promising m aterial: it is a half-metallic ferromagnet (more exactly, ferrimagnet) with a high Curie tem perature and perspectives of applications in spintronics [15] . Since current theoretical description of the half-metallic ferromagnetism (for a review, see Refs. 15, 16) ignores the orbital degrees of freedom, it should be generalized to include them and to take into account probable orbital ferromagnetism in the m agnetite and, possibly, in other strongly correlated conducting ferromagnets. Such a generalization is the aim of the present work.
The paper is organized as follows. In Section 2 we formulate the models of a narrow-band ferromagnet including both spin and orbital degrees of freedom and discuss their relevance for the colossal magnetoresistance (CMR) m anganites and for the m agnetite. In Section 3 the Bose-type G reen's functions are calculated which determ ine the spectrum and dam ping of spin waves (magnons) and orbitons. In Section 4 the Fermi-type one-particle G reen's functions are derived and peculiarities of the electron energy spectrum owing to the electron-magnon and electron-orbiton interactions are considered. Using the expressions obtained the conditions for stability of saturated spin and orbital ferromagnetic ordering are investigated. In Section 5 a general picture of the half-metallic ferromagnetism in the presence of the orbital degrees of freedom is discussed.
II. M O D ELS OF A C O N D U C T IN G F E R R O M A G N E T W IT H O R B ITA L D E G R E E S OF F R E E D O M
Previous works concerning the role of the orbital degrees of freedom in strongly correlated magnetic systems treated mainly the insulator case, in particular, orbital ferromagnetism accompanied with spin antiferrom agnetism [1] , orbital antiferrom agnetism [5] , or orbital liquid [2] . In Ref.11 a mean-field phase diagram of an insulator including orbital and spin ferromagnetism region was obtained. In contrast with these works, we consider here c o n d u c t i n g ferromagnets with both spin and orbital degrees of freedom.
We sta rt with the many-electron system with two ground term s of the d n and dn+1 configurations, r n = { S L } and r n+i = {S'L '}. The corresponding periodic Anderson model th a t describes the electron hopping with the transitions between two these states only reads
where H 0 is the Hamiltonian for strongly correlated d-electrons described by the operators ailam, t k m is the band energy for conduction electrons, Vk is the m atrix element of hybridization. It is suitable to use the representation of the Fermi operators for the localized electrons in term s of the m any-body atomic quantum numbers [17] -
where GSSl are the fractional parentage coefficients, X i ( a ß ) = \ i a ) { i ß \ are the many-electron H ubbard operators [18] which satisfy the relations at a site i
a By a canonical Schrieffer-Wolff transform ation the model (1) is reduced to the broad-band s -d exchange model w ith the exchange param eter I sd ~ V 2/A (A is the difference of the term energies). In a general case, we have the s -d exchange model with two magnetic configurations. This model was used to investigate the electron spectrum and calculate the Kondo tem perature in Refs.17, 19. Here we introduce a further simplification assuming th a t only one of the competing configurations has non-zero orbital moment L = l. This assum ption holds for the m agnetite which has d5 and d6 ground-state configurations for Fe3+ and Fe2+ respectively, the first configuration having zero orbital moment. A similar situation takes place for the CMR m anganites (with d3 and d4 configuration for Mn4+ and Mn3+ ) : due to the relevance of t 2g -e g crystal-field splitting the former configuration corresponds to the completely filled t 2g band w ith L = 0.
According to Refs.17, 19 the s -d exchange Hamiltonian takes the form
Rearranging the product of the Clebsch-Gordan coefficients C with the use of 6j-symbols,
r SM r ha fr:)
and taking into account th a t C § M " 1q are the m atrix elements of spin operators, we obtain the s -d exchange Hamiltonian with orbital degrees of freedom in the form
where H d is the Heisenberg Ham iltonian of the localized-spin system, a are the Pauli matrices, the s -d exchange param eter I is renormalized in comparison with I sd in E q. (4) . A similar one-im purity model was discussed for the Mn2+ ion (orbital singlet problem) [20, 21] .
In contrast with the case of rare-earth elements where the orbital moments are not quenched, but act as a part of the total orbital moment (the Russel-Saunders coupling [17, 19, 22] ), for 3d-electron systems we have to consider the case of strong crystal field where the excitation spectrum is characterized by spin and orbital quantum numbers separately. However, in the case under consideration the quantum number m enters the model in a very simple way (the Hamiltonian is diagonal in the orbital indices) and can label both spherical and cubic harmonics. Of course, a relatively simple form of the Hamiltonian (6) results from our assum ption th a t only one configuration has a non-zero orbital moment. Fortunately, it is the case th a t is most interesting for real systems, as it was m entioned above. Thus a complicated m athem atics involving the orbital Clebsch-Gordan coefficients is relevant only when we have t w o m any-electron term s with L = 0.
Note th a t in the case of j -j coupling (e.g., 5f-electron systems) where the electron states \ j m ) are characterized by the projection of the m om entum j , we have the Hamiltonian
Provided th a t the crystal field Hamiltonian is diagonal in m, the model (6) does not mix (at least in the lowest orders of perturbation theory) the states with different m, see Section 4. Therefore we focus in the present work m ainly on a more rich and complicated narrow-band case (which is also most interesting for real transition metal compounds). This case should be described by a two-configuration H ubbard model where both conduction electrons and local moments belong to the same d-band, the states with n + 1 electrons playing the role of current-carrier states. After performing the procedure of mapping onto the corresponding state space, the one-electron Fermi operators for the strongly correlated states a \ la m are replaced by m any-electron operators according to E q. (2) . Taking into account the values of the Clebsh-Gordan coefficients which correspond to the coupling of mom enta S and 1/2 we obtain H = 5 3 t kmgkamd k a m kam
Here we have redefined the band energy by including the many-electron renorm alization factor,
t km(n + 1)(GSL ) /(21 + 1) -t km (9) and
where \ S M m ) are the em pty states with the orbital index m, \ S ' M ') are the singly-occupied states with the total on-site spin S ' = S ± 1/2 and its projection M ', a = ± . We see th a t the two-configuration Hamiltonian is a generalization of the narrow-band s -d exchange model with \I\ -to [17, 23] . In the case where the configuration d n+ 1 has larger spin than the configuration d n , we have the effective "s -d exchange model" with I > 0, and in the opposite case with I < 0; it is worthwhile to remind th a t our band energy is renormalized according to (9) in comparison with the s -d exchange Ham iltonian (cf. the factor of 1/2 for the narrow-band H ubbard model w ithout orbital degeneracy [23] ).
In the case of j -j coupling we have
The specification of the Hamiltonian (8) for the case of a saturated ferromagnetic state (where only maximum spin projections give a contribution) reads for I < 0 (S ' = S -1/2)
Here \ + m) and \ -m) are the on-site states w ithout excess electrons and with localized spin projection S and S -1, respectively; \a) = \S -1/2, S -1/2) and \b) = \S -1/2, S -3/2) are the states with one excess electron and the total spin projection S -1/2 and S -3/2, respectively; X k a ß are the Fourier transform s of the H ubbard operators X i (a, ß).
For the case where I > 0 (S ' = S + 1/2) we have
where \u) = \S + 1/2, S + 1/2) and \v) = \S + 1/2, S -1/2) are the singly-occupied states.
We will consider also the simplest model where one of the configuration corresponding to the "current carriers" has zero spin and orbital moments (non-magnetic holes):
This is a formal generalization of the standard narrow-band H ubbard model in the X -operator representation to include the orbital degeneracy. A part from the m-dependence of the band energy t km, the Hamiltonian (13) includes spin and orbital degrees of freedom on equal footings. However, for finite H ubbard repulsion U the sym m etry of spin and charge channels is in fact lost owing to the Hund interaction, so th a t the state with orbital ferromagnetism and spin antiferrom agnetism can become favorable in comparison with the spin antiferrom agnetic state [1] . Note the equivalence of the model (13) with the replacement t km -t km/2 and the model (11) for S = 1/2.
For orbitally degenerate case the subbands tkm are connected by the point-group sym m etry transform ations and have identical densities of states. However, in real situations usually the Jahn-Teller lattice instability takes place which destroys the exact orbital degeneracy [1] . Due to the Jahn-Teller distortions, both additional on-site crystalfield splitting arises (which means the shift of the centers of the subbands) and hopping integrals are changed (which means different k-dependences). Thus we will assume further th a t all the functions t km are in general different.
III. C O L L E C T IV E S P IN
The spectrum of electron and spin excitations in the above-discussed narrow band models can be calculated similar to the papers [23, 25, 26] , the difference being in the occurrence of transitions into orbital states.
Even in the narrow band case where small interaction param eter is absent we have an hierarchy of energy scales owing to both formal expansion param eters (inverse nearest-neighbor num ber 1/z, quasiclassical param eter 1 /S ) and small current-carrier concentration. Therefore the w idth of the "magnon" band is much smaller than characteristic electron energies. A similar approach was developed earlier for degenerate ferromagnetic semiconductors [23] .
F irst we calculate the retarded com m utator G reen's function describing spin and orbital excitations in the simplest model (13) ,
To derive the equation of motion, we use the com m utation rules for X -operators, which follow from E q .(3). We obtain^G
In the next equation of motion we make a simple decoupling described in Ref. 25 , which corresponds to the first-order term in 1/z-perturbation theory (each order in 1/z corresponds formally to a sum m ation over an additional wave vector):
Here the "H ubbard-I" energies E k a m and the occupation numbers n k a m are given by the "H ubbard-I" [28] expressions Ek a m = tkm(Na m + No), Na = (X " a ),
f (E) being the Fermi function. Then we have
In the satu rated ferromagnetic state (N am = Sa + N m) and for small hole concentrations c = N 0 the pole of the G reen's function (17) yields a simple result for the spin-wave frequency Wqmm' = J 3 (tk-qm ' -t km) f (tkm ).
k
In the case of saturated orbital ordering (Nam = 5m + N a ) the orbital excitation frequency ^ +_m ' (m = + = m ') is given by the same expression (18) . Provided th a t the states m ' and m are split by the crystal field, there is a gap in the corresponding orbiton spectrum branch. Assuming for simplicity th a t the band bottom corresponds to T-point k = 0, we derive^I ' m ' -c(tqm ' -to m ' ) + cA, A = C '" -t™".
It should be noted th a t the gap w0 = cA is proportional to the current carrier concentration, but not ju st equal to the crystal-field splitting A, in contrast with the case of weak crystal field typical for the rare-earth systems [29] . 
The equation for the first G reen's function in the right-hand side is obtained as above (see E q. (15)), and for the second one we have
where 2 S
S + 1
Then the excitation energy in the leading order in 1/z reads
2S k (more strict calculations in the absence of orbital degeneracy [23] yield a closed integral equation for the magnon spectrum ). At the same time, the frequency of the non-spin-flip orbital transitions is obtained similar to E q . (18) and is given for a saturated orbital-ordered state by the expression 
Then we derive
+ t k+qm Nm t kmNm W' , = V --------k+qm m'-----(29) qmm V 2 S t kmN m + t km N m -i k+qm, jVm, kmJ ^ km; y 1
The orbital frequency for a saturated state reads wq + m+ m = qm m^ ^(tk+qm ' t km) f ( t km).
It should be m entioned th at, instead of the difference tkm N m tk+qm Nm , a resolvent occurs in the denom inator in the right-hand side of E q.(29) at more rigorous calculations which do not use the 1/z-expansion (cf. Ref. 23 ). In particular, in the case of ferromagnetically saturated spin and orbital ordering (all the sites w ithout excess electrons are in the orbital state \ + m) = \ + + ) with some m = + ) we obtain the following exact result for the magnon pole (m = m '):
i W~') = E + -■ (32) p w + t km t k+pm wpm
Note th a t the im aginary part of the expression (31) describes the m agnon damping.
IV. E L E C T R O N S P E C T R U M AN D IN ST A B IL IT IE S OF T H E SA TU R A TED STATE
In the broad-band s -d exchange model (6) (35) with nkm f ( tk m ). Im aginary part of (34) describes the non-quasiparticle states which are due to non-pole contributions (branch cut of the G reen's function) [15, 24] . In the saturated ferromagnetic case nkm = 0 for I < 0 and nkm = 0 for I > 0, and these states with a = -signI lie below (above) the Fermi level, respectively. The corresponding densities of states for a twofold orbital-degenerate band are shown in Figs.1,2 . One can see th a t in the model (6) the subbands with different m are uncoupled (we do not consider their mixing owing to off-diagonal crystal field), so th a t the picture of the half-metallic ferromagnetism state discussed in Refs.15, 24 is not qualitatively changed, although the num ber of excitation branches increases.
A more complicated situation takes place for the narrow-band limit, a formal reason being in occurrence of inter subband transitions owing to non-trivial com m utation relations for m any-electron X -operators. First we consider the one-particle spectrum in the simplest model (13) . We treat the case T = 0 and restrict ourselves to the case of spin-and orbital-saturated ferromagnetic state (all the singly occupied on-site states have the spin projection a = + and the orbital state m = + ). Since this ground state is non-degenerate, the one-particle spectrum at small hole concentrations c = N 0 can be investigated in a strict way similar to Ref. 
where 25 = 1 -c is the average spin magnetization,
(42) q E tk q+ + w q++ m Thus the G reen's function with m inority spin (orbital) projection has non-pole structure, the non-quasiparticle states below the Fermi level being of crucial im portance to satisfy the sum rule
The spectrum picture is presented in Fig.3 . To simplify numerical calculations, we average the resolvent Rk am(E ) in (41) over k,
(this approxim ation yields the correct behavior near the Fermi level, cf. Ref. 26 , although yields an irrelevant unphysical shift of the band bottom by the m aximum magnon frequency). We use the semielliptic m agnon density of states K a m (w) which is proportional (with the corresponding shift) to the bare electron density of states according to (19) , the band edge ujq being determ ined by the crystal-filed splitting. W hen neglecting spin (orbital) dynamics, Imi?k(Tm(i?) has a jum p at the Fermi level. For gapless magnons l m R a m ( E ) (this quantity is also shown in Fig.3) vanishes at E p according to the law (E p -E )3/ 2 [24] . The "Kondo" singularity of R e R , j m ( E ) owing to the Fermi function n k results in th a t the dependence of g a m ( E ) near E p is considerably more sharp than just of l m R ljrn( E ) . The contributions of orbitons with a gap spectrum dem onstrate a threshold energy equal to the gap, th a t is, in the presence of the orbital splitting l m R a m ( E ) starts from E p -ujo. At the same time, the threshold energy decreases strongly for the total density of states gam (E). Besides th at, the orbital splitting results in a height increase of the gam(E) peak below the Fermi level.
The instability of the saturated state (Nam = 0 for \am) = \ + + )) with increasing c corresponds to occurrence of a non-zero spectral density above E F since
This spectral density comes from the quasiparticle pole determ ined by the equation
The analytical estim ations are complicated due to the logarithmic singularity in the resolvent Rk a m (E). It should be noted th a t a simple cutoff of this singularity at a characteristic magnon frequency (cf. Ref. [27] ) is insufficient since the energy dependence of the resolvent plays an im portant role (ImRk am(E) « (E p -E )3/2 and the maximum in ReRk am(E) does not correspond to E p ). Thus an integration with the magnon spectral density is required. As it was dem onstrated by the corresponding numerical calculations for the H ubbard model [26] , the critical concentration of holes ccr;t makes up about 20-30% for a num ber of crystal lattices. To calculate the second critical concentrations cCrit (a transition from the non-saturated ferromagnetism into the param agnetic state), more advanced approxim ations taking into account longitudinal spin fluctuations are necessary [26] . Note th a t in a more realistic case of finite on-site interaction the conditions for a ferromagnetically saturated state can be considerably more strict.
Provided th a t the spectra tkm with different m are connected by crystal sym m etry transform ations (e.g., states corresponding to the irreducible t 2g representation in a cubic field), orbital and spin instabilities of the saturated state coincide. However, if the orbital subbands are split by the crystal field A (or, in other words, an orbital pseudomagnetic field is present), the criteria for the orbital and spin-flip instabilities can become different owing to the difference in the spectra tkm and tk+ and the gap in the spectrum wq ++ m.
The analytical calculations of the one-particle excitation spectrum for the model (11) are performed in a similar way. We restrict ourselves again to the case of a small conduction electron concentration c. In the case S ' = S 1/2 spin-down electrons have the spectrum tk+ (see E q. (23)). For the function Fkq(E) = ((Xq ' + + X + qqa \X !' k + ))e
we obtain after some simplifications the integral equation
w ith nk = f (tk+). Then we derive
where Rk am (E) differs from (42) by the replacement t k+ -tk+. The condition for the spin-flip instability corresponds to occurrence of the pole of the expression (48) above the Fermi level. As follows from numerical estim ations, such a condition can be hardly satisfied for S > 1/2 (although the m agnon frequency is also more soft in this case because of the factor (2S) -1 in E q. (24)). The orbital instability is essentially governed by the Hamiltonian of the structure (13) (the first term in E q . (11)) and is determ ined by the G reen's function «x+m ,.|X .,+."»£ = 1 .
Since in such a case the factor of 2S at 1/R *(E ) is absent, orbital ordering becomes unstable at some electron concentrations, and we can trea t the state with saturated ferromagnetic spin ordering, but destroyed orbital ordering.
In the case S ' = S + 1 / 2 (model (12)) spin-up electrons behave as free ones, and we have for the spin-down G reen's function
a where n k = (X u' 1+ + X'U) = f ( t k+), wq = w+qq. Solving this system we obtain the expression which also has typically "non-quasiparticle" form (without quasiparticle poles, at least, at not too large current carrier concentration)
q E tk q+ wq Note th a t the result (53) is rigorous for the em pty conduction band (spin-polaron problem) and is in agreement with (33)-(35) at I -+TO. As follows from the spectral representation, nk* = (X v' 1q+ X 1 q+'v) = 0 (provided th a t the G reen's function (53) has no poles) since Im R k (E < E p ) = 0 because of the factor 1 -n k-q . Physically, there is no spin-flip instability in the s d model with large I > 0 since spin-down electrons are not present in the ground state. The corresponding spectrum picture is shown in Fig.4 Note th a t the G reen's function (53) itself does not determ ine an instability of the saturated state since the spectral representation gives
To trea t the instability we have to consider the G reen's function with a = , and is again S-independent.
V. CO N C LU SIO N S
In this paper we have presented the picture of excitation spectrum in a saturated conducting (half-metallic) ferrom agnet with orbital degrees of freedom within the framework of simple many-electron models. It is proven th a t the half-metallic ferromagnetic state does exist in the presence of orbital degeneracy. We have focused our consideration on strongly correlated systems with pronounced term (multiplet) effects. In such a situation the description th a t uses atomic m any-electron quantum numbers is most adequate; formally it is provided by the G reen's function m ethod for the H ubbard X -operators.
In contrast with usual itinerant-electron ferromagnets, additional collective excitation branches (orbitons) occur. Due to the smallness of the current carrier concentrations, these modes possess low frequencies in comparison with typical electron energies such as the crystal-field splitting. Typically, the orbiton energies are of the same order of m agnitude as the m agnon energies. Also, mixed excitations with the sim ultaneous change of spin and orbital projections exist ( "optical m agnons" ). All these excitations can be well defined in the whole Brillouin zone, the dam ping due to the interaction with current carriers being small enough.
We have calculated one-particle G reen's functions in the non-degenerate saturated ferromagnetic state. The ex pressions obtained yield different criteria for spin and orbital instabilities. It turns out th a t the satu rated spin ferromagnetism is more stable than the orbital one in the realistic case S > 1/2 (e.g., for m agnetite and for colossal m agnetoresistance m anganites). This means th a t the half-metallic ferromagnetic phases both with satu rated and non-saturated orbital moments can arise. A more detailed investigation with the use of real band and spectrum is required for concrete cases where orbital degrees of freedom yield im portant contributions to magnetic properties. In some situations (e.g., near the quantum phase transitions like those in virtual ferroelectrics [31] ) the orbital modes can become soft, which should result in orbital instabilities at smaller conduction electron concentrations c.
Due to the electron-orbiton interaction, additional contributions to the non-quasiparticle density of states can arise. Since the magnons are gapless, the electron-magnon contribution leads to a rather sharp one-sided increase of the density of states (with a crossover energy scale of the order of a typical magnon energy U ) starting just from the Fermi energy, 5 g ( E ) oc (| E p -E \ / Z J )3/ 2 [15, 23, 24] . In the case of half-metallic ferromagnets with unquenched orbital moment one can predict additional contributions to g (E ) which correspond to orbital channels. Probably, the most simple way to probe the density of non-quasiparticle states is to measure the spin-polarized tunneling current [32, 33, 34] . Therefore it would be very interesting to investigate the density of states of "suspicious" m aterials by, e.g., spin-polarized scanning tunneling microscopy (STM) technique [35] , the non-quasiparticle states being observable below the Fermi energy for the case of m agnetite and above it for the case of colossal magnetoresistance m anganites. It is worthwhile to mention th a t the non-quasiparticle states should exist also at the surface of the half-metallic ferromagnets [36] since STM is a surface-sensitive method.
